For a partition λ = (λ ρ 1 1 > λ ρ 2 2 > λ ρ 3 3 > . . . > λ ρ k k ) and its associated finite R-module A λ
Introduction
The automorphism orbits in finite abelian groups have been understood quite well for over a hundred years (See G. A. Miller [7] , G. Birkhoff [3] ). The combinatorics of automorphism orbits in abelian groups is also studied by K. Dutta, A. Prasad [5] and C. P. Anil Kumar [1] , [2] . Some other authors who have worked on this subject are S. Delsarte [4] , M. Schwachhöfer, M. Stroppel [8] , B. L. Kerby and E. Rode [6] . In this article we mention a conjecture for finite abelian pgroups called the positivity conjecture about the total number of orbits of pairs. This Conjecture 1.1 is stated below in the context of finite modules over discrete valuation rings where a finite abelian p-group is naturally a finite module over the ring of p-adic integers. This was initially conjectured in [1] by the two authors C. P. Anil Kumar, Amritanshu Prasad in 2013 more than five years ago. Here we prove the positivity conjecture for certain class of abelian p-groups and more importantly suggest a method to solve positivity conjecture for all abelian p-groups. Let Λ 0 denote the set of all sequences of the form where λ 1 > λ 2 > . . . > λ k is a strictly decreasing sequence of positive integers and ρ 1 , ρ 2 , . . . , ρ k are positive integers. We allow the case where k = 0, resulting in the empty sequence, which we denote by ∅. Let R be a discrete valuation ring with maximal ideal generated by a uniformizing element π having finite residue field k = R/πR. Every finite R-module, up to an isomorphism is of the form
for a unique λ ∈ Λ 0 . Now we mention the positivity conjecture which was intially stated in [1] . 
(R/π λ i R) ρ i be its associated finite R-module and G λ be its automorphism group. Let n λ (q) be the number of orbits of pairs in A λ × A λ for the diagonal action of G λ on A λ × A λ . Then n λ (q) is a polynomial of degree λ 1 with non-negative integer coefficients.
Results Known about the Positivity Conjecture.
We already know the following.
(1) The number n λ (q) is a polynomial in q with integer coefficients (C. P. Anil Kumar, Amritanshu Prasad [1] , Theorem 5.11, Page 17). (2) The degree of n λ (q) is λ 1 the highest part of λ (C. P. Anil Kumar, Amritanshu Prasad [1] , Theorem 5.11, Page 17). So, for the computation of the polynomial n λ (q), any part of the partition which repeats more than twice can be reduced to two. In this article we prove positivity conjecture for certain class of finite R-modules and also suggest a conditional method, which, when the condition holds, proves positivity conjecture in general for all finite R-modules. Main Theorem Ω of the article is stated after the preliminaries section. In the method of its proof we also give a combinatorial interpretation of coefficients of certain polynomials which arise as the number of orbits under a group action on a set as given in Theorem 3.3.
Preliminaries
In this section we mention some preliminaries about finite R-modules.
Orbits of Elements.
For the present purposes, the combinatorial description of orbits due to K. Dutta and A. Prasad [5] is useful. We recapitulate the notation and some of the results in [5] here for the case of finite R-modules. It turns out in the case of finite R-modules, that, for any module A λ , the G λorbits in A λ are in bijective correspondence with certain classes of ideals in a poset P, which we call the fundamental poset. As a set
The partial order on P is defined by setting
Let J (P) denote the lattice of order ideals in P. A typical element of A λ is a column vector of the form x = (x λ i ,r i ) where i runs over the set {1, . . . , k}, and, for each i, r i runs over the set {1, . . . , ρ i }. To x ∈ A λ , we associate the order ideal I(x) ∈ J (P) generated by the elements (v(x λ i ,r i ), λ i ) for all pairs (i, r i ) such that
A key observation is the following theorem. Note that the orbit of 0 corresponds to the empty ideal. For each λ ∈ Λ 0 Let J (P) λ denote the sublattice of J (P) consisting of ideals such that max I is contained in the set
Then the G λ -orbits in A λ are in bijective correspondence with this set J (P) λ of order ideals. The lattice J (P) λ is isomorphic to the lattice J (P λ ) of order ideals in the induced subposet P λ . For each order ideal I ∈ J (P) λ , we use the notation
= I} for the orbit corresponding to I. A convenient way to think about the ideals in P is in terms of what we call boundaries: for each positive integer l define the boundary valuation of I at l to be
We denote the sequence {∂ l I} of boundary valuations ∂I and call it the boundary of I. For each order ideal I ⊂ P let max I denote the set of maximal elements in I. The ideal I is completely determined by max I: in fact, taking I to max I gives a bijection from the lattice J (P) λ to the set of antichains in P λ .
For each ideal I ∈ J (P) λ with
define an element e I of A λ a column vector whose co-ordinates are given by
For the R-module A λ the functions x −→ I(x) and I −→ e I induce mutually inverse bijections between the set of G λ -orbits in A λ and the set of order ideals in J (P) λ . For an ideal I ∈ J (P) λ , define
The description of (A λ ) I in terms of valuations of co-ordinates and boundary valuations is as follows.
Such a module (A λ ) I given by an ideal I ∈ J (P) λ is called a characteristic submodule. The G λ orbits in A λ are parametrized by the finite distributive lattice J (P) λ . Moreover, each order ideal I ∈ J (P) λ gives rise to a characteristic submodule (A λ ) I of A λ . The lattice structure of J (P) λ gets reflected in the poset structure of the characteristice submodules (A λ ) I when they are partially ordered by inclusion. For ideals I, J ∈ J (P) λ , we have
The map I → (A λ ) I gives an isomorphism from J (P) λ to the poset of G λinvariant characteristic submodules. In fact when the residue field k of R has at least three elements then every G λ -invariant submodule is a characteristic submodule. Therefore J (P) λ is isomorphic to the lattice of G λ -invariant submodules (B. L. Kerby and E. Rode [6] ).
Stabilizer of e I . By the description of
The main idea here is to decompose A λ into a direct sum of two R-modules (this decomposition depends on I):
where A λ ′ consists of those cyclic summands in the decomposition 1.2 of A λ where e I has non-zero co-ordinates, and A λ ′′ consists of remaining cyclic summands. With respect to this decomposition we have e I = (e ′ I , 0).
The reason for introducing this decomposition is that the description of stabilizer
Every endomorphism of A λ can be written as a matrix of the form g 11 g 12 g 21 g 22 where g 11 :
The stabilizer of e I in G λ consists of matrices of the form
For this see Theorem 4.4 on page 11 in [1] . 
The Stabilizer Orbit of an
and
For the proof of this result see Theorem 5.1 on page 13 in [1] .
Statement of the Main Theorem
In this section we state the main theorem of the article. First we mention some notation. Let λ = (λ
k ) ∈ Λ 0 and let λ ∈ Λ 0 be obtained by deleting the first column of λ when considered as a tableau, that is, λ = (λ 1 − 1) ρ 1 > (λ 2 − 1) ρ 2 > . . . . Let Λ 1 ⊆ Λ 0 be any class of partitions which satisfies the following property.
For example
We note that πA λ ∼ = A λ . So the corresponding class 
). The text file https://www.imsc.res.in/~amri/pairs/nlambda.txt lists these polynomials. We can also observe the following from these polynomials. For any λ ∈ Λ 0 such that | λ 2 |≤ 19 we have n λ (q) − n λ (q) is a polynomial in q with non-negative integer coefficients where λ is the partition associated to the finite R-module πA λ . We mention a remark here.
Remark 3.1. If λ, µ ∈ Λ 0 and µ ⊆ λ then the number
which is a polynomial in q with integer coefficients need not have non-negative integer coefficients. For example µ = (2 1 > 1 1 ) ⊂ λ = (2 2 ). We have n µ (q) = q 2 + 5q + 5, n λ (q) = q 2 + 3q + 5 and n λ (q) − n µ (q) = −2q.
In order to state the main theorem we need notion of the height of the ideal and its generation type. We say an ideal I ∈ J (P) λ is a height zero ideal if one of the co-ordinates of e I is 1, that is, v i = 0 for some 1 ≤ i ≤ s. Note in this case all elements of (A λ ) * I are of height zero. We say an ideal I ∈ J (P) λ is a principal ideal if max I is a single-ton set or the empty set, that is, I is singly generated. Now we state the main theorem of this article.
Theorem Ω. Let λ = (λ
(R/π λ i R) ρ i be its associated finite R-module and G λ = Aut(A λ ) be its automorphism group. Let I ∈ J (P) λ be an ideal and (G λ ) I denote the stabilizer subgroup of e I which is given in Equation 2.1. Let λ be the partition corresponding to the finite R-module πA λ and let n λ,
Then these numbers n λ,I (q), n 1 λ,I (q), n λ (q), n λ (q) are polynomials in q with integer coefficients. Moreover we have (1) If I is a height zero principal ideal then the numbers n λ,I (q), n 1 λ,I (q) are polynomials in q with non-negative integer coefficients. which is a polynomial in q has non-negative integer coefficients for all λ ∈ Λ 1 then n λ (q) which is a polynomial in q has non-negative integer coefficients for all λ ∈ Λ 1 . (3) The positivity conjecture holds for the class of partitions
We mention an important remark below relevant to the main theorem. (1) If I is of height zero but not a principal ideal then each of the three polynomials n λ,I (q), n 1 λ,I (q), n λ,I (q) + n 1 λ,I (q) need not have nonnegative integer coefficients. For example λ = (3 1 > 1 1 ), I is the ideal generated by {(1, 3), (0, 1)} ⊂ P λ . Here e I = (π, 1) ∈ R/π 3 R ⊕ R/πR. Then n λ,I (q) = 2q 2 − 1, n 1 λ,I (q) = 2q − 1 and hence n λ,I (q) + n 1 λ,I (q) = 2q 2 + 2q − 2.
(2) If I is a principal ideal but not of height zero then also each of the three polynomials n λ,I (q), n 1 λ,I (q), n λ,I (q) + n 1 λ,I (q) need not have non-negative integer coefficients. For example take λ = (3 1 > 1 1 ), I is ideal generated by (2, 3) ∈ P λ . Here e I = (π 2 , 0) ∈ R/π 3 R ⊕ R/πR. Then n λ,I (q) = 4q − 2, n 1 λ,I (q) = 2q − 1 and hence n λ,I (q) + n 1 λ,I (q) = 6q − 3. (3) For λ = (3 1 > 1 1 ), λ = (2 1 ). We have n λ (q) = q 3 + 5q 2 + 7q + 4, n λ (q) = q 2 + 2q + 2. So n λ (q) − n λ (q) = q 3 + 4q 2 + 5q + 2.
Now we mention the theorem on interpretation of coefficients for the polynomials n λ,I (q), n 1 λ,I (q) for a height zero principal ideal I ∈ J (P) λ .
(R/π λ i R) ρ i be its associated finite R-module and G λ = Aut(A λ ) be its automorphism group. Let I ∈ J (P) λ be a height zero prinicipal ideal generated by (0, λ i ) ∈ P λ for some 1 ≤ i ≤ k. Let (G λ ) I denote the stabilizer subgroup of e I which is given in Equation 2.1. Let n λ,I (q) =| (G λ ) I \A λ |, n 1 λ,I (q) =| (G λ ) I \πA λ |. Then these numbers n λ,I (q), n 1 λ,I (q) are polynomials in q with integer coefficients of degree λ i and λ i − 1 respectively. If
where λ ′ , λ ′′ is as given in the decomposition 2.2 with respect to the height zero principal ideal I ∈ J (P) λ and L is the ideal in J (P) λ corresponding to the characteristic submodule πA λ ⊂ A λ .
The proof of Theorem 3.3 is given after the proof of main Theorem Ω. Let us compute using Theorem 3.3 the polynomials for n λ,I (q), n 1 λ,I (q) for λ = (λ
• λ = (λ 1 ). Then I is the ideal generated by (0, λ 1 ) ∈ P λ . Here λ ′ = (λ 1 1 ) and λ ′′ = ∅ so the only possibility for K ∈ J (P) λ ′′ is K = ∅. So a λ 1 = 1 and b λ 1 −1 = 1 and the remaining coefficients are all zero. Hence n λ,I (q) = q λ 1 and n 1 λ,
Then also I is the ideal generated by (0, λ 1 ) ∈ P λ . Here λ ′ = (λ 1 1 ) and λ ′′ = (λ
). Hence the modules A λ ′ and πA λ ′ are cyclic modules. Also the lattice of ideals J (P) λ ′′ is totally ordered. Here we get a j = 1 for j = 1, . . . , λ 1 and b j = 1 for j = 1, . . . , λ 1 − 1. Hence n λ,I (q) = q λ 1 + . . . + 1 and n 1 λ,I (q) = q λ 1 −1 + . . . + 1.
Then there are two choices of height zero principal ideal. Let I j , j = 1, 2 be the principal ideal generated by (0, λ i ) of height zero.
First consider the case I = I 1 . Then λ ′ = (λ 1 1 ) and λ ′′ = (λ 1 2 ) = ((λ 1 − 1) 1 ). Here n λ,I 1 (q) = q 1 + . . . + q λ 1 −1 + q λ 1 and n 1 λ,
Now consider the case I = I 2 . Then λ ′ = (λ 1 2 ) = ((λ 1 − 1) 1 ) and λ ′′ = (λ 1 1 ). Here n λ,
In this scenario we have n λ,I 1 (q) + n 1 λ,I 1 (q) + n λ,
where λ is the partition associated to πA λ . This agrees with the list of polynomials given in the text file https://www.imsc.res.in/~amri/pairs/nlambda.txt.
Proof of Main Theorem
In this section we prove the main theorem.
Proof of Main
Theorem Ω. The numbers n λ,I (q), n 1 λ,I (q), n λ (q), n λ (q) are polynomials in q with integer coefficients follows from Theorems 6.3 and 6.4 on page 21 in C. P. Anil Kumar, Amritanshu Prasad [1] . For an ideal I ∈ J (P) λ , J ∈ J (P) λ ′ /I , K ∈ J (P) λ ′′ , let α I,J,K (q) denote the cardinality of the (G λ ) I -orbit of x ∈ A λ where J = I(x ′ ), K = I(x ′′ ). Then we already know using Theorem 5.4 on page 14 in [1] , that α I,J,K (q) is a monic polynomial in q with integer coefficients. Let
The cardinality χ I,J,K (q) of X I,J,K is a polynomial in q with integer coefficients because the cardinality of the G λ -orbits in A λ and the cardinality of characteristic submodules in A λ are polynomials in q with integer coefficients. The set X I,J,K is in general not (A λ ) I -invariant. However if α(t) ∈ Z[t] is a monic polynomial then the function
is a polynomial with integer coefficients and the number of (A λ ) I -orbits in A λ with cardinality α(q) is N α (q) (see Lemma 5.5 on page 14, Theorem 5.6 and Lemma 5.7 on page 15 in [1] ). Let I be the ideal generated by (0, λ i ) ∈ P λ , a height zero principal ideal for some 1 ≤ i ≤ k. Then in the notation of 1.1 and for the decomposition 2.2 the partition
The element e ′ I is a generator of A λ ′ and so A λ ′ /I = A λ ′ \Re ′ I = 0. The partition λ ′ /I is therefore ∅ ∈ Λ 0 . It follows that the only possibility for the ideal J ∈ J (P) λ ′ /I is J = ∅. As a result, the only combinatorial invariant of (G λ ) I -orbits in A λ is K ∈ J (P) λ ′′ . We have
On the other hand,
Therefore given any polynomial α(q) ∈ Z[q], the number of (G λ ) I -orbits of cardinality α(q) is
Expression 4.1 is a polynomial in q with non-negative integer coefficients. This proves that the total number n λ,I (q) of (G λ ) I -orbits in A λ for a height zero principal ideal I is a polynomial in q with non-negative integer coefficients and in fact it has degree λ i which can be seen in 
Expression 4.3 is a polynomial in q with non-negative integer coefficients. This proves that the total number n 1 λ,I (q) of (G λ ) I -orbits in (A λ ) L = πA λ for a height zero principal ideal I is a polynomial in q with non-negative integer coefficients and in fact it has degree λ i − 1 which can be seen in 
